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 A General 3 – 4 – 5 Puzzle
 R . J . G REGORAC
 We note that a theorem in distance geometry can be used to solve a general version of the
 3 – 4 – 5 puzzle in  R n .  We extend Eve’s observations about the point  P  and the circumcircle of a
 solution to the equilateral triangle case to this general case . Geometry is used to anticipate
 algebraic detail . Geometry is also used to interpret Klamkin’s simultaneous triangle inequality .
 1 .  I NTRODUCTION
 Given lengths  PV i  , i  5  1 ,  .  .  .  ,  n  1  1 ,  between a point  P  and the vertices  V i  of a
 regular simplex in  R n  of side  s ,  what is  s ? This question was first solved by Fog [7]
 using vector techniques and later by Klamkin [9] . Bottema [4] gave a determinant
 method based on distance geometry to find  s  when it exists and Eves [6] has solved the
 corresponding problem in the plane for regular  n -gons . This problem is called the
 3 – 4 – 5 puzzle in Rabinowitz [12] , after the well known special case in  R 2 of a point  P  of
 distances 3 , 4 and 5 from the vertices of an equilateral triangle . In reviewing Bottema’s
 proof we noticed that a general version of this problem can be investigated by
 expanding a similar determinant equation , so that properties of Cayley and Cayley –
 Menger determinants can be fully utilized .
 Rather than fixing the distances to the vertices and looking for a simplex
 proportional to a given one , we will fix the simplex and look for a solution  P  with
 distances proportional to the given distances .
 Let  T  be a fixed non-degenerate simplex with vertices  h V 1  ,  V 2  ,  .  .  .  ,  V n 1 1 j  in  R n .
 G ENERAL 3 – 4 – 5 P UZZLE .  Let ( a 1  ,  .  .  .  ,  a n 1 1 )  5  ( a i ) be a sequence of non-negative
 real numbers . When does ( a i ) determine a point  P  in  R n  and a scale factor  s  .  0 such
 that the distances  PV i  5  a i  / s , i  5  1 ,  .  .  .  ,  n  1  1?
 Since  T  is non-degenerate it is clear that this problem has no solution when more
 than one  a i  is zero .
 R EMARK 1 .  A positive constant sequence ( c ,  c ,  .  .  .  ,  c ) uniquely determines the
 point  P  5  O ,  the circumcenter of  T ,  and scale factor  s  5  c (1 / r ) ,  where 1 / r  is the
 curvature of the circumsphere  ¸   of  T .
 R EMARK 2 .  Suppose that  P  ?  O .  Inversion in the circumsphere fixes the vertices of
 T  and transforms  P  to  P 9 ,  where , for all  i  5  1 ,  2 ,  .  .  .  ,  n  1  1 ,
 P 9 V i  5
 r 2 PV i
 OP  ?  OV i
 5
 r
 OP
 PV i .
 Since the factor  r  / OP  is independent of  i ,  solutions , if any , come in pairs  P , P 9 which
 are distinct unless  P  lies on the circumsphere  ¸  , in which case  P  5  P 9 .
 Note that  V 1  ,  V 2  ,  .  .  .  ,  V n 1 1 are independent points in  R
 n .  Then  P  will exist in  R n  with
 PV j  5  l j  if f the Cayley – Menger determinant  D ( P ,  V 1  ,  .  .  .  ,  V n 1 1 )  5  0 (see [2 , Lemma
 42 . 1]) .
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 Here the symmetric determinant
 D ( P ,  V 1  ,  .  .  .  ,  V n 1 1 )  5  det
 0
 1
 1
 ? ? ?
 1
 1
 0
 l 2 1
 l 2 n 1 1
 1
 l 2 1
 1
 l 2 2
 .  .  .
 .  .  .
 d i j
 1
 l 2 n 1 1
 ( n 1 3 ) 3 ( n 1 3 )
 5  0 ,A B
 where
 d i j  5  d j i  5  ( V i 2 2 V j 2 2 )
 2  for  3  <  i ,  j  <  n  1  3 .
 Suppose that ( a 1  ,  .  .  .  ,  a n 1 1 ) is a given non-negative sequence . Set  l j  5  a j  / s  and factor
 s 2 2  from the second row and column to obtain the following quadratic equation in  s 2 :
 (1) E ( s )  5  E  5  det
 0
 s 2
 1
 1
 ? ? ?
 1
 s 2
 0
 a 2 1
 a 2 2
 a  2 n 1 1
 1
 a 2 1
 1
 a 2 2
 ( V i 2 2
 ?  ?  ?
 ?  ?  ?
 V j 2 2 )
 2
 1
 a  2 n 1 1
 5  0 .A B
 The positive solutions to this equation then solve the problem .
 It is interesting to expand this equation and study the connection between the nature
 of the roots and the above geometry . To this end we first recall the following theorem .
 J ACOBI ’ S T HEOREM [11 , p . 25] .  If M is a k - rowed minor of a determinant D , M *  the
 corresponding minor of the adjugate  ( or adjoint )  determinant D * , and M ˜  the cofactor of
 M in D , then M *  5  D k 2 1 M ˜  .
 Thus , if  E i j  denotes the cofactor of  E  at ( i ,  j ) ,  we obtain
 det  S E 1 1
 E 1 2
 E 2 1
 E 2 2
 D  5  0
 by Jacobi’s identity , since  E  5  0 .  Expanding this and using the sum formula for
 determinants yields
 E 1 1 E 2 2  5  det
 0
 a 2 1
 a 2 2
 ? ? ?
 a  2 n 1 1
 a 2 1  a
 2
 2
 ( V i 2 1
 ?  ?  ?
 V j 2 1 )
 2
 a  2 n 1 1
 det
 0
 1
 1
 ? ? ?
 1
 1  1
 ( V i 2 1
 ?  ?  ?
 V j 2 1 )
 2
 1A B A B
 5  det
 s 2
 0
 ? ? ?
 0
 a 2 1  ?  ?  ?
 ( V i 2 1
 a  2 n 1 1
 V j 2 1 )
 2  1  det
 0
 1
 1
 ? ? ?
 1
 a 2 1  ?  ?  ?
 ( V i 2 1
 a  2 n 1 1
 V j 2 1 )
 2
 2C DA B A B
 5  [ s 2  det  (( V i V j )
 2 )  1  L ( n )] 2 ,  (2)
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 where
 L ( n )  5  det
 0
 1
 1
 ? ? ?
 1
 a 2 1  ?  ?  ?
 ( V i 2 1
 a  2 n 1 1
 V j 2 1 )
 2
 .A B
 If  P 1  ,  .  .  .  ,  P k  P  R
 n ,  define a Cayley determinant by  C ( P 1  ,  .  .  .  ,  P k )  5  det(( P i P j )
 2 ) .
 Note that  E 2 2  5  D ( V 1  ,  .  .  .  ,  V n 1 1 )  ?  0 ,  since this is related to the non-zero volume of
 the simplex  T  by the well-known formula
 D ( V 1  ,  .  .  .  ,  V n 1 1 )  5  ( 2 1)
 n 1 1 2 n ( n !vol  T  ) 2 .  (3)
 By Remark 1 , if the constant sequence ( r ,  r ,  .  .  .  ,  r ) is used in equation (1) , then
 E (1)  5  0 ,  where  r  is the radius of  ¸  . Subtract  r 2 times the first column from the second
 column of  E (1) and  r 2 times the first row from the second row . Expanding the resulting
 determinant along the second row shows  C ( V 1  ,  .  .  .  ,  V n 1 1 )  5  2 2 r
 2 D ( V 1  ,  .  .  .  ,  V n 1 1 )
 [1 ,  Theorem 9 . 7 . 3 . 7] , so  C ( V 1  ,  .  .  .  ,  V n 1 1 )  ?  0 and has the sign ( 2 1) n  of
 2 D ( V 1  ,  V 2  ,  .  .  .  ,  V n 1 1 ) .  Rewriting (2) using this notation gives
 s 2  5  C ( V 1  ,  .  .  .  ,  V n 1 1 )
 2 1 ( 2 L ( n )  Ú  [ E 1 1 D ( V 1  ,  .  .  .  ,  V n 1 1 )] 1/2 ) .  (4)
 Given the sequence ( a i ) ,  then  s  .  0 (and hence  P ) will exist if f (a)  E 1 1 has the sign of
 ( 2 1) n 1 1  or vanishes and (b) the right-hand side of (4) is positive for at least one choice
 of the signs  Ú , that is , at least one inequality
 ( 2 1) n 1 1 L ( n )  Ú  [ E 1 1 D ( V 1  ,  .  .  .  ,  V n 1 1 )] 1/2  .  0
 holds , since the sign of  C ( V 1  ,  .  .  .  ,  V n 1 1 ) is ( 2 1) n .
 If  P  exists ,  P  ?  O  and  P  ¸  ¸  ,  then Remark (2) shows that two distinct positive
 solutions to (4) must exist . If (4) has a unique solution , then the corresponding point  P ,
 if any , must be on  ¸   or  P  5  O  by Remark (2) . Possible scale factors for  P  5  0 can be
 determined by considering a positive constant sequence ( c ,  c ,  .  .  .  ,  c ) in equation (1) ,
 but then we observe two solutions to (1) exist ,  c  / r  by Remark (1) and 0 . Thus a unique
 solution  s 2 to (4) which is positive occurs when  E 1 1  5  0 and ( 2 1)
 n 1 1 L ( n )  .  0 ,  and must
 correspond to a point  P  on  ¸  . Finally , to show that two distinct positive solutions to (4)
 are related to an inverse pair  P , P 9  ?  O  with neither on  ¸  , it remains to be shown that
 no pair of distinct points in  ¸   can correspond to one sequence and two scale factors ;
 that is , to two positive solutions of (4) .
 We apply an extention of Appollonius’ formula [12] to prove this . The  n  1  1
 non-zero vectors  OV i   are dependent , so numbers  l k  ,  not all zero , exist such that
 o n 1 1 i 5 1  l i  OV i   5  0 $ and , since  T  is non-degenerate , we may assume that  o n 1 1 i 5 1  l i  5  1 .  (If
 o n 1 1 i 5 1  l i  5  0 ,  then 0 $  5  o n i 5 1  l i ( OV i   2  OV n 1 1  )  5  o n i 5 1  l i V n 1 1 V i  .  The edge vectors at any
 vertex of  T  are independent vectors , showing all  l k  5  0 ,  contrary to assumption . ) Let
 P  P  ¸  .  By the law of cosines ,
 O n 1 1
 k 5 1
 l k  i  PV k   i  2  5  O n 1 1
 k 5 1
 l k (  i OP   i  2  2  2 OP   ?  OV k   1  i  OV k   i  2 )
 5 S O n 1 1
 k 5 1
 l k D 2 r 2  2  2 OP   ?  O n 1 1
 k 5 1
 l k OV k 
 5  2 r 2 .  (5)
 If for some sequence ( a i ) a solution to ( PV i )  5  ( a i  / s ) exists with  P  P  ¸  ,  then , by (5) ,
 O n 1 1
 k 5 1
 l k S a k s  D
 2
 5  2 r 2 .
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 This shows only one positive scale factor can exist when  P  P  ¸  ,  since the  l i  are
 uniquely determined when  o n 1 1 i 5 1  l i  5  1 .  Thus two distinct positive solutions to (4)
 correspond to an inverse pair of distinct points , with neither being  O  nor on  ¸  .
 This also shows that if one positive solution  s 2 1 to (4) exists , then any other solution
 s 2 2 is a non-negative real number . Now if ( 2 1) n 1 1 E 1 1  .  0 ,  then  s 2 1  .  0 and  s 2 2  >  0
 if f ( 2 1) n 1 1 L ( n )  >  [ E 1 1 D ]
 1/2  .  0 .  If  E 1 1  5  0 ,  then a positive solution exists if f
 ( 2 1) n 1 1 L ( n )  .  0 .  We summarize this in a theorem .
 T HEOREM 1 .  Let T be a non - degenerate simplex in R n with  y  ertices V 1  ,  V 2  ,  .  .  .  ,  V n 1 1 ,
 circumsphere  ¸   and circumcenter O . Let the non - negati y  e sequence  ( a i )  5
 ( a 1  ,  a 2  ,  .  .  .  ,  a n 1 1 ) be used to define equation  (1) , E ( s )  5  0 . Then :
 ( a )  A point P  P  R n and s  .  0  exist such that  ( PV i )  5  ( a i  / s )  if f E ( s )  5  0  has a positi y  e real
 solution s if f  ( 2 1) n 1 1 L ( n )  .  0  and  ( 2 1) n 1 1 E 1 1  >  0 .
 ( b )  If s 1  .  0  and s 2  are solutions of E ( s )  5  0 , then s
 2
 2  is a non - negati y  e real number . The
 point P  5  O is the only point with s 1  .  0  and s 2  5  0 .
 ( c )  Two distinct points P and P 9  and positi y  e numbers s , s 9  exist such that  ( PV i )  5  ( a i  / s )
 and  ( P 9 V i )  5  ( a i  / s 9 )  if f two distinct positi y  e solutions s , s 9  to E ( s )  5  0  exist . In this case
 in y  ersion in  ¸   transforms P to P 9 . The  1  or  2  sign is chosen in equation  (4)  according
 as P is inside  ¸   or outside  ¸  , respecti y  ely .
 ( d )  A point P exists on  ¸   satisfying  ( PV i )  5  ( a i  / s )  for some s  .  0  if f E ( s )  5  0  has a
 unique solution s 2  which is positi y  e .
 ( e )  ( Blumenthal and Gillam , Corollary to Theorem  3 . 1 [3]) . The point P is inside T if f
 each cofactor D i 1 1 ,n 1 2  at  ( V i P )
 2  in D ( V 1  ,  .  .  .  ,  V n 1 1 ,  P )  has the sign of  ( 2 1)
 n for
 i  5  1 ,  2 ,  .  .  .  ,  n  1  1 .
 2 .  E XAMPLES
 Regular simplexes .  Suppose that  T  is a regular  n -simplex with  V i V j  5  1 for all  i ,  j ,  i  ?  j .
 In the case of regular  n -simplexes , Bottema shows how to expand (1) using indirect
 methods . The following shows that direct expansion works easily as well .
 L EMMA .  Assume that n  >  1 . Then
 (a)  det  5  ( 2 1) n F nl  2 0  2  O n 1 1
 i 5 1
 l 2 i G ;
 l 2 0
 1
 1
 1
 1
 l 2 1
 0
 1
 1
 ? ? ?
 1
 l 2 2
 1
 0
 1
 1
 0
 ?  ?  ?
 ?  ?  ?
 ?  ?  ?
 ?  ?  ?
 ?  ?  ?
 1
 l 2 n 1 1
 1
 1
 1
 ? ? ?
 0
A B
 (b)  L ( n )  5  ( 2 1) n 1 1  O n 1 1
 i 5 1
 l 2 i  ;
 (c)  det  5  ( 2 1) n S ( n  2  1)  O n 1 1
 i 5 1
 l 4 i  2 O
 i ? j
 l 2 i  l
 2
 j D .
 0
 l 2 1
 l 2 2
 ? ? ?
 l 2 n 1 1
 l 2 1
 0
 1
 ? ? ?
 1
 l 2 2
 1
 0
 ?  ?  ?
 ?  ?  ?
 1
 1
 ?  ?  ?
 ?  ?  ?
 ?  ?  ?
 1
 l 2 n 1 1
 1
 1
 ? ? ?
 0
A B
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 P ROOF .  To prove part (a) , subtract the last row from all rows except the first . Then
 expand along the first column , to obtain
 l 2 0  det
 2 1
 0
 0
 1
 0
 2 1
 ? ? ?
 0
 1
 ?  ?  ?
 0
 ?  ?  ?
 0
 ?  ?  ?
 2 1
 1
 1
 1
 1
 0
 1  ( 2 1) n 1 3  det
 l 2 1
 2 1
 0
 ? ? ?
 ? ? ?
 0
 ?  ?  ?
 0
 ?  ?  ?
 ?  ?  ?
 ?  ?  ?
 2 1
 0
 0
 0
 2 1
 l 2 n 1 1
 1
 1
 1
 .A B A B
 The expansion is easily completed by adding all columns to the last column in each of
 these , obtaining
 ( 2 1) n nl 2 0  1  ( 2 1)
 n 1 3 ( 2 1) 1 1 ( n 1 1)  O n 1 1
 i 5 1
 l 2 i  det  diag( 2 1 ,  2 1 ,  .  .  .  ,  2 1) ,
 from which the result follows .
 Part (b) follows from part (a) by setting  l 0  5  0 .
 For Part (c) expand the determinant along the first column . The  i th column of the
 minor  D i 1 1 , 1 is ( l
 2
 i  ,  1 ,  1 ,  .  .  .  ,  1)
 T
 when  i  >  1 ,  so moving this to the first column of  D i 1 1 , 1
 and applying part (a) gives
 D i 1 1 , 1  5  ( 2 1)
 i 2 1 S ( 2 1) n 2 1 F ( n  2  1) l 2 i  2  O n 1 1
 j 5 1
 i ? j
 l 2 j G D .
 Part (c) follows by substituting these in the expansion  o n 1 1 i 5 1  ( 2 1) ( i 1 1) 1 1 l 2 i  D i 1 1 , 1 and
 summing .
 Then in (4) ,  C ( V 1  ,  .  .  .  ,  V n 1 1 )  5  ( 2 1) n n  and  D ( V 1  ,  .  .  .  ,  V n 1 1 )  5  ( 2 1) n 1 1 ( n  1  1) by
 part (a) of the lemma with  l 0  5  0 , l 1  5  ?  ?  ?  5  l n 1 1  5  1 ,  and by part (c)  E 1 1  5
 ( 2 1) n (( n  2  1)  o n 1 1 i 5 1  a  4 i  2  o i ? j  a 2 i  a  2 j  )  5  ( 2 1) n ( n  o n 1 1 i 5 1  a 4 i  2  ( o n 1 1 i 5 1  a  2 i  ) 2 ) .
 Thus (4) gives Fog’s formula for regular  n -simplexes :
 s 2  5  (1 / n ) S O n 1 1
 i 5 1
 a 2 i  Ú — S S O n 1 1
 i 5 1
 a  2 i D 2  2  n  O n 1 1
 i 5 1
 a 4 i D ( n  1  1) D .
 Regular n - gons .  Suppose next that  T  is a triangle in  R 2 with vertices  V 1  , V 2 and  V 3
 which are consecutive vertices of a regular  n -gon inscribed in the unit circle . Let
 f  5  2 pi  / n .  Then ( V 1 V 2 ) 2  5  ( V 2 V 3 ) 2  5  2  2  2  cos  f  and ( V 1 V 3 ) 2  5  4  2  4  cos 2  f .  Substituting
 these in (1) gives a version of Eves [6] formula for regular  n -gons (Eves uses
 f  5  ( n  2  2) pi  / n ) .
 We use this for a simple test of equation (4) . Let  V 1  5  (0 ,  2 1) , V 2  5  (1 ,  0) and
 V 3  5  (0 ,  1)  be vertices of an inscribed square ,  P  5  (2 ,  0) and ( a i )  5  ( PV i )  5  ( 4 5 ,  1 ,  4 5) .
 Clearly ,  O  5  (0 ,  0) , r  5  1 and  P 9  5  (1 / 2 ,  0) ,  so the scale factors are 1 and 2 . Evaluating
 the determinants in (4) gives
 s 2  5  ( 2 ( 2 80)  Ú  4 ( 2 144)( 2 16)) / 32  5  1 ,  4 ,
 as expected .
 3 .  A F URTHER R ESULT  OF F OG
 Fog [7] also solves the following problem for a regular ( n  2  1)-simplex  T  with
 vertices  h V 1  ,  .  .  .  ,  V n j  in  R n  and side  s .  Suppose that  Q  P  R n  and has distance  h  from the
 hyperplane  H  containing  T .  Then Fog finds an equation for the side  s  in terms of  h  and
 the distances  QV i  , i  5  1 ,  2 ,  .  .  .  ,  n .
 Suppose then that ( a 1  ,  a 2  ,  .  .  .  ,  a n ) is a non-negative sequence and that  T  is a fixed
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 non-degenerate ( n  2  1)-simplex in a hyperplane  H .  A point  Q  P  R n  will exist at
 distance  h  from  H  such that ( QV i )  5  ( a i  / s ) for some  s  .  0 if f the orthogonal projection
 P  of  Q  on  H  satisfies ( PV i )  5  ( 4 ( a i  / s ) 2  2  h 2 ) by the Pythagorean Theorem . Such a
 point  P  exists in  R n 2 1 if f  D  5  D ( P ,  V 1  ,  .  .  .  ,  V n )  5  0 .  The second row (column) of  D  is
 (1 ,  0 ,  ( a 1 / s ) 2  2  h 2 ,  .  .  .  ,  ( a n  / s ) 2  2  h 2 ) .  Adding  h 2 times the first row (column) to the
 second row (column) and then clearing  s 2 as before results in the determinantal
 equation
 0  5  det
 0
 s 2
 1
 1
 ? ? ?
 1
 s 2
 2 h 2 s 2
 a 2 1
 ? ? ?
 ? ? ?
 a 2 n
 1
 a 2 1
 ( V i 2 2
 1
 ?  ?  ?
 V j 2 2 )
 2
 ?  ?  ?
 ?  ?  ?
 1
 a 2 nA B
 5  det
 0
 s 2
 1
 1
 ? ? ?
 1
 s 2
 0
 a 2 1
 ? ? ?
 ? ? ?
 a 2 n
 1
 a 2 1
 1
 ?  ?  ?
 ( V i 2 2
 ?  ?  ?
 ?  ?  ?
 V j 2 2 )
 2
 1
 a 2 n
 1  det
 0
 s 2
 1
 ? ? ?
 ? ? ?
 1
 0
 2 h 2 s 2
 0
 ? ? ?
 ? ? ?
 0
 1
 a 2 1
 1
 ?  ?  ?
 ( V i 2 2
 ?  ?  ?
 ?  ?  ?
 V j 2 2 )
 2
 1
 a 2 nA B A B
 or
 E ( s )  5  2 2 h 2 s 2 D ( V 1  ,  V 2  ,  .  .  .  ,  V n ) .
 where  E ( s ) is an ( n  1  2)  3  ( n  1  2) determinant here .
 Applying Jacobi’s identity to  E ( s ) and expanding as before yields
 C ( V 1  ,  .  .  .  ,  V n )
 2 1 ( E 1 1 D ( V 1  ,  .  .  .  ,  V n )  2  [ s
 2 C ( V 1  ,  .  .  .  ,  V n )  2  L ( n  2  1)]
 2 )
 5  2 2 h 2 s 2 D ( V 1  ,  .  .  .  ,  V n ) ,  (6)
 where  E 1 1 is ( n  1  1)  3  ( n  1  1) .  This is a generalization of Fog’s equation for regular
 simplexes . The lemma may be applied to show that this gives Fog’s formula in the
 regular case , which is ( s 2  1  o n i 5 1  a  2 i  ) 2  2  n ( s 4  1  o n i 5 1  a 4 i  )  5  2 nh 2 s 2 .
 4 .  G EOMETRICALLY R EALIZING K LAMKIN ’ S T RIANGLES
 When one is not given distances between dependent points  P ,  V 1  ,  .  .  .  ,  V n 1 1 ,  then
 inequalities rather than equalities must be satisfied in order that  P  exist in  R n .  For
 example , three positive numbers  a , b  and  c  satisfy the inequality
 2 det 1
 0
 1
 1
 1
 1
 0
 a 2
 b 2
 1
 a 2
 0
 c 2
 1
 b 2
 c 2
 0
 2  5  ( a  1  b  1  c )( b  1  c  2  a )( c  1  a  2  b )( a  1  b  2  c )  >  0 ,  (7)
 if f the three numbers are the lengths of the sides of some triangle (possibly degenerate)
 [2] .
 Murray S . Klamkin [10] proved the following surprising extension of this result .
 Suppose that  n  >  1 , n  1  1 positive numbers  a 1  ,  a 2  ,  .  .  .  ,  a n 1 1 are given and
 S O n 1 1
 i 5 1
 a  2 i D 2  .  n  O n 1 1
 i 5 1
 a 4 i  (8)
 then , for any  i ,  j ,  k ,  1  <  i  ,  j  ,  k  <  n  1  1 ,  the three numbers  a i  , a j  and  a k  are lengths of
 the sides of a triangle .
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 Can one find a single geometric object for which triangles proportional to all of these
 naturally exist?
 Klamkin’s result suggests that we might find an  n -simplex with two-dimensional faces
 proportional to the triangles ( a i  ,  a j  ,  a k ) ,  since there are (
 n  1  1
 3  ) triangles in either case .
 Suppose , then that points  P ,  V 1  ,  V 2  ,  .  .  .  ,  V n 1 1 in  R n  are given satisfying  PV i  5  l i  .  If  W i
 is the image of  V i  under inversion in the sphere with center  P  and radius  k ,  then
 W i W j  5  k
 2 V i V j  / l i l j  and  PW i  5  k 2 / l i  .  (9)
 Let ( a i ) be a positive sequence satisfying
 S O n 1 1
 i 5 1
 a  2 i D 2  >  n  O n 1 1
 i 5 1
 a  4 i  .  (10)
 Then the 3 – 4 – 5 puzzle for regular simplexes has a solution  s  by Fog’s formula . Say that
 P ,  V 1  ,  .  .  .  ,  V n 1 1 satisfy
 V i V j  5  1  for all  i ,  j ,  i  ?  j  and  ( PV i )  5  ( a i  / s ) .
 Substituting these values into (9) with  k  5  1 / s  shows the existence of a simplex  S  with
 vertices  W 1  ,  W 2  ,  .  .  .  ,  W n 1 1 ,  where  W i W j  5  1 / a i a j  .  Now suppose that a triple ( a i  ,  a j  ,  a k ) is
 given , 1  <  i  ,  j  ,  k  <  n  1  1 .  Consider the 2-face of  S  with edges  W j W k  ,  W i W k  and  W i W j .
 If  h  5  a i a j a k  ,  then  hW j W k  5  a i  , hW i W k  5  a j  and  hW i W j  5  a k  ,  so  S  is the desired simplex
 with 2-faces proportional to Klamkin’s triangles .
 Because  P ,  V 1  ,  .  .  .  ,  V n 1 1 are not in a hyperplane , inversion at  P  sends the points
 V 1  ,  V 2  ,  .  .  .  ,  V n 1 1  into a hyperplane if f  P  P  ¸  ,  the circumsphere of  V 1  ,  V 2  ,  .  .  .  ,  V n 1 1 .  By
 Theorem 1 ,  P  P  ¸   if f equality holds in (10) . Thus some of the 2-faces of  S  can be
 degenerate only when equality holds in (10) .
 It also follows that any subset of these numbers , say  h a i 1  ,  .  .  .  ,  a i j 1 1 j , i 1  ,  i 2  ,  ?  ?  ?  ,  i j 1 1 ,
 j  >  2 ,  is related to a  j -simplex with edges of lengths  p  j 1 1 r 5 1
 r ? j ,k
 a i r  ,  1  <  j  ,  k  <  j  1  1 .
 The geometric argument above is essentially Pompeiu’s Theorem extended to  R n  [8] .
 In view of Theorem 1(a) and (9) , with  k  5  1 / s ,  this argument proves the following as
 well .
 T HEOREM 2 .  Let T and  ( a i )  be as in Theorem  1 . If  ( 2 1)
 n 1 1 L ( n )  .  0  and
 ( 2 1) n 1 1 E 1 1  >  0 , then for each triple a i  , a j  , a k  ,  1  <  i  ,  j  ,  k  <  n  1  1 , there is a triangle
 with edges of lengths  ( V i V j ) a k  ,  ( V i V k ) a j and  ( V j V k ) a i  . These triangles are non - degenerate
 if E 1 1  .  0 .
 As a final application of these ideas we give a proof of a theorem of Bottema .
 T HEOREM 3 (Bottema [2] , 15 . 5) .  Suppose that ABC and PQR are gi y  en non -
 degenerate triangles . Then a point D exists in R  2  such that DA  :  DB  :  DC  5  p  :  q  :  r if f
 ( 2 ap  1  bq  1  cr )( ap  2  bq  1  cr )( ap  1  bq  2  cr )  >  0 .
 D is on the circumcircle of ABC if f equality holds .
 P ROOF .  First suppose that  D  exists . Then  D  will be a point solving the 3 – 4 – 5 puzzle
 for  V 1 V 2 V 3  5  ABC  with ( a 1  ,  a 2  ,  a 3 )  5  (  p ,  q ,  r ) .  Note that  V 1 V 2  5  c , V 1 V 3  5  b  and
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 V 2 V 3  5  a .  By Theorem 1(a) ,  2 L (2)  .  0 and  2 E 1 1  >  0 ,  so by Theorem 2 there is a
 triangle with sides  cr , bq  and  ap .  Thus , by (7) ,
 0  <  2 det 1
 0
 1
 1
 1
 1
 0
 ( cr ) 2
 ( bq ) 2
 1
 ( cr ) 2
 0
 ( ap ) 2
 1
 ( bq ) 2
 ( ap ) 2
 0
 2
 5  ( cr  1  bq  1  ap )( bq  1  ap  2  cr )( ap  1  cr  2  bq )( cr  1  bq  2  ap ) ,  (11)
 verifying the inequality . We note that the determinant in (11) is equal to  E 1 1  .  Multiply
 this determinant by (  p 2 q 2 r 2 / p 2 q 2 r 2 ) 2 .  Multiply the second row and column by  p 2 ,  the
 third row and column by  q 2 and the last row and column by  r 2 .  Factor (  pqr ) 2 out of
 each row except the first and multiply the first column by (  pqr ) 2 to obtain  E 1 1  .  Thus ,
 equality holds in (11) if f  E 1 1  5  0 if f  D  is on the circumcircle , by Theorem 1(d) .
 Conversely , suppose that the inequality in (11) holds , so that  2 E 1 1  >  0 .  By Theorem
 1(a) ,  D  will exist when  2 L (2)  .  0 .  Note that by (7) a triangle  T  with sides of lengths
 ap , bq  and  cr  exists .
 Expanding the determinant  L (2) shows that
 2 L (2)  5  ( ap ) 2 ( c  2  1  b 2  2  a  2 )  1  ( qb ) 2 ( a  2  2  b 2  1  c  2 )  1  ( cr ) 2 ( a 2  1  b 2  2  c  2 )
 >  16 F 1 F 2  ,  (12)
 where  F 1 is the area of the triangle with sides  ap , bq  and  cr ,  and  F 2 is the area of  ABC
 by Pedoe’s inequality [5 ,  10 . 8] . Since  ABC  is non-degenerate  F 2  .  0 .  If  F 1  .  0 ,  then
 2 L (2)  .  0 .  Equality holds in Pedoe’s inequality if f the triangles are similar . If  F 1  5  0 ,
 then the triangle  T  is degenerate , so it cannot be similar to the non-degenerate triangle
 ABC .  Thus  2 L (2)  .  0 in either case , so  D  exists .  h
 Note , as Bottema does , that since  PQR  is a non-degenerate triangle and the above
 formulas are symmetric in the variables , the roles of  ABC  and  PQR  may be
 interchanged .
 In the statement of Bottema’s Theorem in [5] it is not clear if  ABC  may be
 degenerate . We close by showing that the hypothesis that  ABC  is non-degenerate is
 necessary in Theorem 3 . Suppose that  A  5  (1 ,  0) , B  5  (2 ,  0) and  C  5  (4 ,  0) in  R 2 .  Let
 PQR  be a unit equilateral triangle , so that  p  5  q  5  r  5  1 .  Then the inequality in
 Theorem 3 equals 0 , but no point  D  in  R 2 exists satisfying  DA  5  DB  5  DC .  It should
 be noted that  L (2)  5  0 here .
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